The work described in this paper addresses the problem of determination of t h e a p p r o p r i a t e d i s t r i b u t i o n of f o r c e s between t h e f i n g e r s o f a multifingered gripper grasping an object. The system i s s t a t i c a l l y i n d e t e r m i n a t e and an optimal solution for this probiem i s d e s i r e d f o r f o r c e c o n t r o l .
A f a s t and e f f i c i e n t sub-optimal method f o r computing the grasping f o r c e s i s presented. This method i s based on t h e superposition of finger-interaction forces on e q u i l i b r a t i n g f o r c e s .
An i n t e r a c t i o n f o r c e i s d e f i n e d a s t h e component of the vector difference of t h e f i n g e r c o n t a c t f o r c e s a t any two f i n g e r s along the l i n e j o i n i n g t h e two contact p o i n t s . They a r e computed based on the assumption that t h e n o r m a l s a t t h e p o i n t of contact pass t h r o u g h t h e c e n t r o i d of t h e c o n t a c t p o i n t s and a r e therefore independent of the actual geometry of t h e o b j e c t . The c o n t a c t i n t e r a c t i o n i s
model 1 ed a s a p o i n t contact. The problems associated with making the algorithm independent of t h e o b j e c t geometry are explored.
Introduction
Dextrous, multifingered grippers have been t h e o b j e c t of considerable research [1]- [4] . The kinematics and force control problems engendered by these devices have been analyzed in [5] - [8] .
Force control of such a system requires the s p e c i f i c a t i o n of contact forces between t h e f i n g e r s and t h e g r i p p e d o b j e c t .
The gripperobject system has a high degree of s t a t i c indeterminacy [6] , [8] , [9] and the interaction between t h e g r i p p e r and t h e o b j e c t i s s i m i l a r t o t h e i n t e r a c t i o n of a legged locomotion system with the ground [lo]- [12] . This paper outlines a method of computing the grasping forces for a general object.
I n a legged locomotion system or a walking machine i t i s e s s e n t i a l t o compute the support f o r c e s r e q u i r e d a t t h e f e e t t o m a i n t a i n equilibrium w i t h t h e f o r c e of gravity and t h e i n e r t i a l f o r c e s
[lo], [12] . I n t h e g r i p p e r -o b j e c t system, in addition to computing the contact forces required t o maintain the object in e q u i l i b r i u m ( e q u i l i b r a t i n g f o r c e s ) , i t i s necessary t o determine the finger-interaction f o r c e s t o e n s u r e t h a t t h e f r i c t i o n a n g l e a t each c o n t a c t p o i n t i s w i t h i n a l l o w a b l e l i m i t s . The i n t e r a c t i o n f o r c e between two f i n g e r s i s d e f i n e d a s t h e component of the difference of t h e f i n g e r c o n t a c t f o r c e s a t t h e two fingers directed along t h e l i n e j o i n i n g t h e two c o n t a c t p o i n t s .
(They a r e s i m i l a r t o t h e s c a l a r i n t e r n a l f o r c e s which describe the pinch between two f i n g e r s [l], [8] ). This problem lends itself to optimization of t h e c o n t a c t f o r c e s t h r o u g h l i n e a r programming [6] b u t such techniques are very expensive in terms of computational time and are consequently unsuitable for real-time operation with currently a v a i l a b l e computer hardware.
A sub-optimal solution t o t h i s problem i s proposed in this paper. This method i s a t t r a c t i v e i n i t s s p e e d and efficiency. Contacts are modelled as point contacts
[8] ( t h e p o i n t c o n t a c t model i s accurate when t h e f i n g e r t i p s a r e s m a l l compared t o t h e o b j e c t b e i n g h e l d ) and i t i s assumed. t h a t t h e o b j e c t is stationary with respect t o the gripper -manipulation issues are n o t in context here.
A h e u r i s t i c i d e a (based. on this method) f o r s e l e c t i n g g r a s p i n g p o s t u r e s i s a1 so presented. Let XE-YE-ZE be a reference frame fixed with r e s p e c t t o the earth. Consider a reference frame XB-YB-ZB w i t h t h e o r i g i n a t t h e g r a s p c e n t r o i d , t h e c e n t r o i d of t h e s u p p o r t / c o n t a c t p o i n t s , ( x i , E y i , E~i ) and t h e Z B -a x i s p a r a l l e l t o t h e wrench axis [13], $ ( s e e f i g u r e 1). 8 i s t h e a x i s of the wrench which i s t h e r e s u l t a n t o f the weight of t h e o b j e c t and t h e i n e r t i a l f o r c e s and moments. The l e a d i n g s u p e r s c r i p t s E and B r e f e r t o t h e e a r t h and body (object) fixed reference frames r e s p e c t i v e l y . Let ( x $ ,~Y $ , O ) be t h e i n t e r s e c t i o n of t h e wrench axis with the X8-YB plane. From this point on, unless otherwise specified, all q u a n t i t i e s a r e d e s c r i b e d i n t h e body fixed reference frame.
I n f i g u r e 1, E B p. i s t h e p o s i t i o n of t h e i t h c o n t a c t p o i n t , n i s t h e number of c o n t a c t p o i n t s , -Fi is t h e c o n t a c t f o r c e a t p i , 0 i s t h e c e n t r o i d of t h e n c o n t a c t p o i n t s , The force distribution must satisfy the six equations of equilibrium enumerated below. c F .
There are two ways this force distribution can be arrived at. The first procedure is based on the zero finger force interaction principle but the second method differs slightly in that the interaction forces are zero only if the points of contact are considered to be projections o f the actual points of contact on the XB-YB plane.
2.2.1 Method I Eauation (1) can be decomposed into two subproblems. Three 'out o f the 'six equations of (1.6) are written equilibrium, (l.l), (1.2), and as : 1 0 1 0 . . . finger contact point (from this poiqt on, all references are to the body reference firame and the superscript B is deleted for convpnience).
The .matrix equation
represents an undetermined set of equations with only 3 equations in 2n unknowns. There are clearly 2n-3 degrees of freedom in this system. However in accordance with the zero force interaction principle [E], the vector difference between any two contact forces should have no component along the line joining the two contact points. Mathematically, this condition is expressed as:
The matrix equation ( 2 ) can now be solved subject to the restriction (3) and this yields a simple solution given by: n is the number of contact points.
The forces on the X-Y plane are thus given by equations (4.1) and (4.2) and it is easy to verify by substitution that they satisfy equation 
1Y
This force field is analogous to the velocity field of a rigid body where the velocity of any point is perpendicular to the position vector if the origin is coincident with the velocity center [121.
If ( 2 ) is rewritten as
where 5 is the 3x2n coefficient matrix, r is the 2nxl unknown force vector and 8 is a 3x1 load vector, then this system of equations can also be solved by taking the Moore-Penrose Generalized Inverse (or the pseudo-inverse) of 5 [14] . If 5' is the pseudo-inverse of 5, then for a full rank matrix (one in which the rank of 5 is the minimum o f p and q), then
and r can be found from the equation (In the event 5 is not of full rank, the pseudoinverse can still be found by using the LU decomposition scheme or the Householder algorithm [14] ).
The pseudo-inverse can be analytically derived and it is interesting to note that the solution thus obtained from equations (7.1) and (7.2) is identical to equations (4.1) and ( 4 . 2 ) .
This in fact provides a physical interpretation of the pseudo-inverse. The nullspace of the coefficient matrix, 5, consists of all possible interaction force vectors and the row-space of 5 comprises of all the equilibrating force vectors with zero interaction force components. The pseudo-inverse seeks the solution vector with the least Euclidean norm (length) and hence the force vector which lies completely in the row-space of the coefficient matrix (which has no interaction force components).
Having found the finger forces in the x and y directions the three remaining equations of equilibrium, (1.3), (1.4) and (1.5) can be applied to solve the second sub-problem :
This can be solved again by using the pseudoinverse which serves to minimize the norm of the F vector. ( A physical interpretation for the pseudo-inverse can be made in terms of the fingers having equal compliances in the Zdirection). The zero force-interaction principle can not used here as it would necessitate the equality of all the .Eiz components and thus overconstrain the problem. The force field obtained by the pseudo-inverse is described by a planar force distribution. .This completes one method for step A. It should be noted that equation (2) has to be solved before the right hand side of equation (8) is known -the two equations are not completely decoupled. Once again, the pseudo-inverse is used as a tool to keep the magnitude of the forces small. With some algebraic manipulation this can be solved and an analytical expression for the forces can be found.
where, z --C z Equations (10) and (11) I f p a r a l l e l processing i s a v a i l a b l e t h e n method I 1 c u t s t h e t i m e r e q u i r e m e n t t o t h a t needed f o r 9n+3 m u l t i p l i c a t i o n s and 7n-4 a d d i t i o n s . C l e a r l y , method I 1 i s s u p e r i o r i n a p a r a l l e l p r o c e s s i n g environment ( i t takes 15-20 X l e s s t i m e ) b u t otherwise, method I i s f a s t e r .
do n o t d e s c r i b e a f o r c e f i e l d w i t h z e r o i n t e r a c t i o n f o r c e s ( e q u a t i o n ( 5 ) does n o t h o l d ) -unless the contact p o i n t s a r e a l l on t h e X-Y plane. But, on t h e other hand, the complete decoupling of the equations ( 9 ) and ( 1 2 ) w h i c h a r e r e q u i r e d t o f i n d t h e f o r c e s i s an advantage. It i s d i f f i c u l t t o say which o f t h e two methods i s b e t t e r as i n e i t h e r c a s e , t h e s o l u t i o n i s

. 3 I n t e r a c t i o n F o r c e s : The f o r c e s computed by e i t h e r o f t h e two m e t h o d s d e s c r i b e d e a r l i e r a r e
Fi z ( i 1, ..., n) w h i c h a r e p a r a l l e l t o t h e wrench a x i s , $ and Fix, Fi y ( i = l , ..., n) which l i e on planes perpendicular t o t h e wrench axis.
I t i s assumed t h a t method I i s used and the resultant o f t h e f o r c e s Fi x and Fi y i s p e r p e n d i c u l a r t o t h e v e c t o r ( s e e f i g u r e
2 ) .
L e t t h e t o t a l i n t e r a c t i o n f o r c e e x e r t e d b y
t h e ith f i n g e r on t h e o b j e c t be FiI. Then
The r e s u l t a n t o f t h e i n t e r a c t i o n f o r c e s has t o be z e r o f o r e q u i l i b r i u m t o be maintained (equation ( 1 3 
) ) . The g e o m e t r i c s i g n i f i c a n c e o f ( 1 4 ) i s t h a t t h e l i n e s o f a c t i o n o f fiI have t o pass through a p o i n t o f c o n c u r r e n c e . I n an i d e a l s i t u a t i o n , t h e l i n e s o f a c t i o n w o u l d be a l o n g t h e n o r m a l s t o t h e s u r f a c e o f t h e g r i p p e d o b j e c t a t t h e c o n t a c t p o i n t s . I n a p r a c t i c a l s i t u a t i o n , t h e n o r m a l s a t t h e c o n t a c t
p o i n t s a r e unknown and, i n g e n e r a l , t h e y a r e n o t c o n c u r r e n t .
It i s p r o p o s e d t h a t t h e p o i n t o f c o n c u r r e n c e be chosen as t h e c e n t r o i d o f t h e c o n t a c t o f p o i n t s , n a m e l y t h e o r i g i n . T h i s choice i s merely a convenience and i n p r i n c i p l e , any other point could be chosen.
The reader i s r e q u e s t e d t o b e a r w i t h t h i s g r o s s a s s u m p t i o n -i t s v a l i d i t y i s d i s c u s s e d l a t e r .
Now t h e u n i t normals, e . , a t a l l t h e n c o n t a c t p o i n t s a r e given by 1 eix= xi/di, eiy= yi/di, and eiz= zi/di (15) where di= /(x.+ 2 2 2 y . + z.).
1
Equation (13) can be r e w r i t t e n a s :
Fn IFor n=3, equations (16) comprises of three homogeneous l i n e a r e q u a t i o n s i n 3 unknowns, t h e o n l y s o l u t i o n seems t o be a t r i v i a l one. T h i s i s n o t t h e c a s e s i n c e t h e r a n k o f t h e s y s t e m o f 3 equations i n (16) i s o n l y 2. This i s because any t h r e e p o i n t s a r e c o p l a n a r , a n d t h e d e t e r m i n a n t o f t h e c o e f f i c i e n t m a t r i x f o r m e d b y t h e s i ' s i s a l w a y s z e r o f o r n=3. Thus, (16) has only one degree o f freedom. I f n=4 there are 3 independent e q u a t i o n s ( i n g e n e r a l t h ep o i n t s a r e n o t c o p l a n a r , u n l e s s t h e g r i p i s p l a n a r , and t h e r a n k i s 3 ) and again there i s one degree o f freedom.
For n 2 4 there are n-3 degrees of freedom. In f i g u r e 2 , t h e n e t c o n t a c t f o r c e , 
and the friction angle, $i, at the ith contact point is defined as tan @i= (F4q/ Fin) (19) In order to prevent the finger from slipping, it is essential that the friction angle be within a prescribed limit. If pi is the coefficient of friction between the ith finger and the surface of the object then the maximum value of is tan pi. This yields n inequality constraints:
The interaction forces should be made as low as possible to minimize the isometric work and to prevent crushing the object. The interaction forces can be determined by minimizing the largest of the FiI satisfying the equalities in For n-k > 1, if FII i s set to 1, the other FiI can be obtained by-using the pseudo-inverse technique (instead of Gaussian elimination). However, unlike the other instances (equations (9) and (12)), an analytical inverse is not as simple. An alternative method is proposed to suit a parallel-processing environment. With any (nk) of the interaction forces set to their minimum values (as defined in equation (20)) the remaining interaction forces can be found from eq (16) by elimination. This process can be repeated for all possible pairs of interaction forces to obtain Cn-k possible solution vectors. Not of a1 1 of these will satisfy the constraint in equation (20) . From the valid solutions, the solution with the smallest maximum interaction force is selected as a 'best' solution. A1 1 the n Cn-k solutions can be computed independently thus facilitating implementation on parallel processors.
For n = 3, the process of determining interaction forces requires 38 multiplications, 20 additions and 6 square root operations and these figures are 58, 32 and 8 for n = 4. These numbers have to be added to those obtained for calculating equilibrating forces to arrive at the -21. n total computational cost for the algorithm -87 multiplications, 58 additions and 6 square roots for n = 3 and 118 multiplications, 81 additions and 8 square roots for n = 4 (using method I on a single processor).
Exampl e s
Example ( In a1 1 these exampl e s , it is assumed that the desired coefficient of friction is 0.25. All the quantities are described in the earth coordinate system (unless otherwise specified). Example (a) illustrates a common assembly operation of screwing a nut onto a threaded bolt. Usually such an operation involves a small thrust as well as a moment to thread it in -the weight is assumed to be neglible compared to these forces. With a three fingered grip, as described in figure 3  (a) , the assumption about the concurrence of the normals at the centroid of the contact points is definitely valid. That is why the predicted (modelled) and actual friction angles are identical for all fingers. Figure 3 ( c ) illustrates another example of a "correct" three fingered grip for a cylindrical object. The gripper (algorithm) does not distinguish between this situation and the one in case (a). To this extent the algorithm operates independent of exact object geometries. figure 3 (b) , where the assumption about the normals is clearly not satisfied. The problem with the predicted and actual friction angles is apparent. Even with a simple geometry such as that of a spherical object, a bad choice of grip postures results in large friction angles.
Concl usi on
A fast and efficient sub-optimal method 'LO compute the grasping forces for a multifingered gripper is described. A salient feature is the decomposition of the contact forces into equilibrating forces and interaction forces. The interaction forces are along the vector emanating from the grasp centroid through the corresponding contact point. Another attractive simplification is the decomposition of the equilibrating forces para1 le1 and perpendicular to the wrench axis. The solution obtained is optimal to the extent that every component is independenlty minimized by the least-squares minimization technique. A better solution is, obviously, one which minimizes the maximum net finger contact force. The tradeoff between computational simp1 icity and optimality is evident.
This algorithm works well if the contact normals are along the lines joining the contact points with the centroid. The performance is then independent of the task forces (load wrench). It is important to note that the use of more fingers does not necessarily lead t o a better grip. The best grip is one which satisfies the assumptions about the contact normals and the grip is symmetrical about the wrench axis. (The grasp centroid then lies on the wrench axis.) This concept of a 'best configuration' could be used as a heuristic idea in evaluating and selecting grip postures. With the state of the art in robot vision and image processing, it is possible to locate axes of symmetry for the object and accordingly select a grip posture.
